9.7  Taylor Polynomials and Approximations, Day 1
Polynomial functions can be used to approximate functions such as sin x, 
[image: image130.emf], and ln x.  

On your calculator, graph:
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in a Zoom 4 window, and compare.  On the TI-89, the factorial command ! is found under Green Diamond 
[image: image4.wmf]¸

, or go to the Catalog, type A, and scroll up until you see !

	Definition of an nth-degree Taylor polynomial:

If  f  has  n  derivatives at  x = c, then the polynomial
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is called the nth-degree Taylor polynomial for  f  at  c, named after Brook Taylor, an English mathematician.



	If  c = 0, then 
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 is called the nth-degree Maclaurin polynomial for  f, named after another English mathematician, Colin Maclaurin.




 Ex. (a)  Find the Maclaurin polynomial of degree  n = 5 for  
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(b) Find  
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      What is the error of your approximation?

      The error is symbolized 
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 (c) Find 
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      What is the value of 
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How does the error for 
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 compare to the error for 
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What do you think would happen if we used our polynomial to estimate sin 2.7?

Ex. Find the Taylor polynomial of degree  n = 6 for  
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 at  c = 1.  

(b) Find  
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      What is the value of  
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      What is the error of your approximation?

      The error is symbolized 
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(c) On your TI-84, let y1 = ln x and y2 = your Taylor polynomial.  Change the style of y2, and then

     graph in a Zoom 4 window.  What do you notice?

_________________________________________________________________________________
Ex. Suppose that  g  is a function which has continuous derivatives, and that
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      Write the Taylor polynomial of degree 3 for  g  centered at 2.

	Homework: Worksheet



9.7  Taylor Polynomials and Approximations, Day 2
	Definition of an nth-degree Taylor polynomial:

If  f  has  n  derivatives at  x = c, then the polynomial
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is called the nth-degree Taylor polynomial for  f  at  c, named after Brook Taylor, an English mathematician.



	If  c = 0, then 
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 is called the nth-degree Maclaurin polynomial for  f, named after another English mathematician, Colin Maclaurin.




To use Taylor polynomials effectively, we need a way to estimate the size of the error.  This is provided by the following theorem. 

	Taylor’s Theorem:  If a function  f  is differentiable through order  n + 1 in an interval containing  c,

then for each  x  in the interval, there exists a number  z  between  x  and  c such that  
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 where 
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One useful consequence of Taylor’s Theorem is that 
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 is the maximum value of 
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 between  x  and  c.  This gives us a bound for the error.  It does not give us the exact value of the error.  The bound is called Lagrange’s form of the remainder or the Lagrange error bound.
We will study Taylor’s Theorem and the Lagrange error bound in more depth later.
________________________________________________________________________________
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Ex. Given 
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 is the second-degree Taylor 
       polynomial for  f  about  x = 0.  What are the signs of

       a, b, and c if  f  has the graph pictured on the right?

       Explain your reasoning. 










Graph of  f
Ex. Suppose that the function 
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 is approximated near x = 4 by a third-degree Taylor

       polynomial 
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(a)  Find the value of 
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(b) Does f  have a local maximum, a local minimum, or neither at x = 4 ?  Justify your answer. 

________________________________________________________________________________

Ex.   The Taylor series about  x = 2 for a certain function  f  converges to  
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 for all  x  in the 
        interval of convergence.  The nth derivative of  f  at  x = 2 is given by   
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        Write the third-degree Taylor polynomial for  f  about  x = 2.
Remember that the nth term of a Taylor polynomial about  x = c  is 
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	Homework: Worksheet



9.8  Power Series
An infinite series such as 
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 is called a series of constants.  Each term of the series is a constant.

__________________________________________________________________________________

An infinite series such as 
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 is called a power series, centered at  x = 5.  Each term of the series contains a power of  
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	Definition:

If  x  is a variable, then an infinite series of the form
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is called a power series centered at  c, where  c  is a constant.




A power series in  x  can be viewed as a function of  x, 
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, where the domain of  f
is the set of all x  for which the power series converges.  In today’s lesson, we will be concerned with finding the domain of the power series.  Every power series converges at its center  c.

	For a power series centered at  c, there are three possibilities:

1) The series converges only at  c.

2) There exists a real number  R > 0 such that the series converges for 
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    diverges for 
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3) The series converges for all real numbers.

The number  R  is the radius of convergence of the power series.  

If the series converges only at  c, the radius of convergence is  R = 0.

If the series converges for all  x, the radius of convergence is  
[image: image42.wmf].
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The set of all values of  x  for which the power series converges is the interval of convergence of the power series.



The Ratio Test is used to find the radius and interval of convergence.  The Ratio Test says that a series will converge if 
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 and then determine the value(s) of  x 

for which the limit is less than 1.
Ex.  Find the radius of convergence and the interval of convergence.  Be sure to check the endpoints.

(Note: Every time you are asked to find the interval of convergence, you must check to see if the endpoints are included in the interval.)
(a)  
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________________________________________________________________________________

(b) 
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(c) 
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	Homework: Worksheet



Taylor Series, Day 1
A few days ago we learned to find a Taylor polynomial for a function  f.  Today we will extend our knowledge of Taylor polynomials to find a Taylor series for a function  f.
	The Taylor Series centered at  x = c: is given by 
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If  c = 0, the series is called a Maclaurin series.

__________________________________________________________________________________

Ex. Find a Taylor series for  
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 centered at  c = 2.  Give the first four nonzero terms and 

      the general term.

__________________________________________________________________________________

There are three special Maclaurin series you must know.  These are the series for 
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, sin x, and cos x.

To derive a series for  
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For what values of  x  does 
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 equal the series that you found?  (Hint: Look at problem 2 on last night’s homework.)
	
[image: image54.wmf]x

e

=







                              for 




__________________________________________________________________________________

To derive a series for sin x:

For what values of  x  does sin x equal the series that you found?  (Hint: Look at problem 6 on last night’s homework.)
	sin x =                                                                                                                  for



To derive a series for cos x:

	cos x =                                                                                                               for



We can manipulate these three special series (or any series we are given) to find other series by using the techniques, called manipulation techniques.  These include:

1) Substituting into the series

2) Multiplying or dividing the series by a constant and/or a variable

3) Adding or subtracting two series

4) Differentiating or integrating a series

________________________________________________________________________________

Ex. Find a Maclaurin series for  
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  Find the first four nonzero terms and the

      general term.

________________________________________________________________________________

Ex. Find a Maclaurin series for  
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  Find the first four nonzero terms and the

      general term.

________________________________________________________________________________

Ex. Find a Maclaurin series for  
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  Find the first four nonzero terms and the

      general term.

	Homework: Worksheet



Taylor Series, Day 2
Ex. (a) Find a Maclaurin series for 
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.  Give the first four nonzero terms and the general term.

(b) Use your answer to (a) to find:
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Ex.  (a) Find a Maclaurin series for 
[image: image60.wmf](

)

cos

fxx

=

.  Give the first four nonzero terms and the general 

             term.

(b) Use your answer to (a) to find a Maclaurin series for  
[image: image61.wmf](

)

2

1cos

x

gx

x

-

=
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      terms and the general term.

(c) Use your answer to (b) to approximate the value of  
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 so that the error in your 

      approximation is less than 
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	Homework: Worksheet



Taylor Series, Day 3 - Power Series and Another Manipulation Technique
Before we try to find a power series by recognizing it as the sum of a geometric power series, let’s do a quick review of geometric series.  Geometric series are formed by multiplying by a common ratio  r. 
If  
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series would you write?

What if 
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Ex.  Find a power series for  
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, centered at  x = 0.  Give the first four nonzero terms

       and the general term.  For what values of  x  does your series converge to 
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       On your calculator, graph y1 = 
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 and y2 = the first five terms of the series you found.

        Trace on each graph to 
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 and x = 2. What do you notice?
________________________________________________________________________________

Ex.  Find a power series for  
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, centered at  x = 0.  Give the first four nonzero terms

       and the general term.  For what values of  x  does your series converge to 
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Ex.  Find a power series for  
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, centered at  x = 2.  Give the first four nonzero terms

       and the general term.   For what values of  x  does your series converge to 
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	Homework: Worksheet



Taylor Series, Day 4 - Differentiation and Integration of Taylor Series and Finding the Sum of a Taylor Series
Ex. Find the sum of 
[image: image79.wmf]39273
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Ex. Find the sum of 
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Ex. Find the sum of 
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	Theorem

If the function given by 
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 has a radius of convergence of  R > 0, then on the interval 
[image: image83.wmf](

)

,

cRcR

-+

, f  is differentiable (and therefore continuous).  Moreover, the derivative and antiderivative of  f  are as follows:
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The radius of convergence of the series obtained by differentiating or integrating a power series is the same as that of the original power series.  The interval of convergence, however, may differ as a result of the behavior at the endpoints.


Ex. The function  f  is defined by 
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(a) Write the Maclaurin series for  f.  Give the first four nonzero terms and the general term.  

      For what values of  x  does the series converge?

(b) Use your answer to (a) to find the Maclaurin series for
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      terms and the general term.  For what values of  x  does the series converge?

(c) Use your answer to (b) to find the sum of the infinite series
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(d) Use your answer to (a) to find the Maclaurin series for
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. Give the first four nonzero 

      terms and the general term.  For what values of  x  does the series converge?

(e) Use your answer to (d) to find the sum of the infinite series
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	Homework: Worksheet



Lagrange Form of the Remainder (also called Lagrange Error Bound or Taylor’s Theorem Remainder)
(The information below is from Paul Foerster, Alamo Heights High School, San Antonio)

Given: 
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 power series in x
A partial sum is the sum of the first "few" terms of the series.
The tail is the rest of the terms of the series after a partial sum.
the remainder is the number you get by "adding" all the terms in the tail.


So 
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 partial sum + remainder
The error is the error you make by assuming 
[image: image93.wmf](
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the partial sum.
So the error is the same number as the remainder (obvious, but subtle)
An error bound is a number known to be greater than the absolute value of the remainder.

For an alternating series (meeting the three convergence hypotheses), the absolute value of the first term of the tail is an error bound. 

In the integral test for convergence, the improper integral is an error bound.

Now, consider what Monsieur Lagrange is credited with showing. The LAGRANGE REMAINDER (the error) is exactly equal to the first term of the tail, but with its derivative evaluated not at x = c (about which the series is expanded) but at some number z which is between c and the value of x at which you are evaluating the function. As this value of z comes from (repeated) application of the mean value theorem, there is often no way of knowing exactly what z equals. But if you can find a number that is an upper bound for the derivative between c and x, then you can find a LAGRANGE ERROR BOUND.

	Taylor’s Theorem:  If a function  f  is differentiable through order  n + 1 in an interval containing  c,

then for each  x  in the interval, there exists a number  z  between  x  and  c such that  
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where 
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One useful consequence of Taylor’s Theorem is that 
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 is the maximum value of 
[image: image98.wmf](

)

(

)

1

n

fz

+

 between  x  and  c.  This gives us a bound for the error.  It does not give us the exact value of the error.  The bound is called Lagrange’s form of the remainder or the Lagrange error bound.
Some of the AP grading standards for series problems use a different notation.  In the series question from 2011, BC 6, students were asked to show that 
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The grading standard showed the following:
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Ex. 1  The function  f  has derivatives of all orders for all real numbers x.  Assume that
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(a) Write the third-degree Taylor polynomial for  f  about  x = 2, and use it to approximate 
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     three decimal places.

(b) The fourth derivative of  f  satisfies the inequality  
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 for all  x  in the closed interval [2, 2.3].  
      Use this information to find a bound for the error in the approximation of  
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 found in part (a).

(c) Use your answers to parts (a) and (b) to find an interval [a, b] such that  
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  Give three 
     decimal places.

(d) Could  
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 equal 6.922?  Explain why or why not.

(e) Could  
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 equal 6.927?  Explain why or why not.
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Ex. 2  Let  f  be the function given by  
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 be the third-degree Taylor 
          polynomial for  f  about  x = 0.

(a) Find 
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(b) Use the Lagrange error bound to show that  
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More on Error
	Alternating Series Remainder
If a series has terms that are alternating, decreasing in magnitude, and having a limit of 0, then the series converges so that it has a sum S.  If the sum S  is approximated by the nth partial sum, 
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,  then the error in the approximation, 
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, will be less than the absolute value of the first omitted or truncated term, 
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	In other words, if the three conditions are met, you can approximate the sum of the series by using the  nth partial sum, 
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, and your error will be bounded by the absolute value of the first truncated term, 
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Ex. 1  The Taylor series about  x = 2 for a certain function  f  converges to  
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interval of convergence.  The nth derivative of  f  at  x = 2 is given 
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(a) Write the second-degree Taylor polynomial for  f   about  x = 2 .

(b) Show that the second-degree Taylor polynomial for  f   about  x = 2 approximates  
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      error less than  0 .01.
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 Ex. 2  Let  f  be a function that has derivatives of all orders.  Assume 
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 on [2, 3] is shown on the right.  The graph of 
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(a) Find the third-degree Taylor polynomial 
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about  x = 2 for the function  f.
        Graph of 
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(b) Use your answer to part (a) to estimate the value of  
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(c) Use information from the graph of 
[image: image127.wmf](

)

(

)

4

yfx

=

 to show that 
[image: image128.wmf](

)

(

)

1

2.82.8.

8

fP

-<


	Homework: Worksheet



(3, 7)





(2, 3)








_1392725357.unknown

_1398092304.unknown

_1398092346.unknown

_1422880927.unknown

_1437491237.unknown

_1437491308.unknown

_1437491896.unknown

_1437492690.unknown

_1437491394.unknown

_1437491248.unknown

_1422890167.unknown

_1431359604.unknown

_1437491229.unknown

_1430207413.unknown

_1430207424.unknown

_1422890305.unknown

_1422880950.unknown

_1398093589.unknown

_1422100110.unknown

_1422880914.unknown

_1398096011.unknown

_1398092597.unknown

_1398092616.unknown

_1398092321.unknown

_1398092332.unknown

_1392727095.unknown

_1392730700.unknown

_1394426432.unknown

_1394426885.unknown

_1394426898.unknown

_1394426462.unknown

_1394426874.unknown

_1394426441.unknown

_1392731108.unknown

_1392731972.unknown

_1394426398.unknown

_1392731944.unknown

_1392730717.unknown

_1392729557.unknown

_1392730488.unknown

_1392729085.unknown

_1392726500.unknown

_1392726823.unknown

_1392726977.unknown

_1392727086.unknown

_1392726746.unknown

_1392726052.unknown

_1392726207.unknown

_1392725959.unknown

_1272024480.unknown

_1302522124.unknown

_1341943674.unknown

_1361546984.unknown

_1361547269.unknown

_1361547292.unknown

_1367393546.unknown

_1361547279.unknown

_1361547039.unknown

_1361547097.unknown

_1361547104.unknown

_1361547056.unknown

_1361547005.unknown

_1361546960.unknown

_1361546969.unknown

_1361113565.unknown

_1303379900.unknown

_1303382135.unknown

_1340119897.unknown

_1303380008.unknown

_1303380133.unknown

_1303296078.unknown

_1303377900.unknown

_1303378114.unknown

_1303378185.unknown

_1303377994.unknown

_1303296384.unknown

_1302522227.unknown

_1302367874.unknown

_1302412805.unknown

_1302412960.unknown

_1302412796.unknown

_1302368479.unknown

_1297433385.unknown

_1297433566.unknown

_1297433573.unknown

_1299072579.unknown

_1297433429.unknown

_1297431070.unknown

_1297433324.unknown

_1175174983.unknown

_1175352396.unknown

_1271851975.unknown

_1271852198.unknown

_1271852228.unknown

_1271852113.unknown

_1190481778.unknown

_1175515608.unknown

_1175175519.unknown

_1175352287.unknown

_1175174998.unknown

_1147457741.unknown

_1151585392.unknown

_1151585483.unknown

_1175174949.unknown

_1151585482.unknown

_1151585481.unknown

_1147458061.unknown

_1151584195.unknown

_1147458036.unknown

_1147457538.unknown

_1147457648.unknown

_1119106321.unknown

_1146979354.unknown

_1119081808.unknown

