3.1 Extrema on an Interval
	Definition of Extrema
Let  f  be defined on an interval  I  containing  c.
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  for all  x  in  I.

The minimum and maximum of a function on an interval are the extreme values or extrema of the function on the interval.  The minimum and maximum of a function on an interval are also called the absolute minimum and absolute maximum, or the global minimum and global maximum, on the interval.


	Definition of Relative Extrema
1) If there is an open interval containing  c  on which 
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is called a relative 

    maximum of  f, or you can say that  f  has a relative maximum at 
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2) If there is an open interval containing  c  on which 
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is called a relative 

    minimum of  f, or you can say that  f  has a relative minimum at 
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The relative maximum and relative minimum points are sometimes called local maximum and local minimum points, respectively.
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In the figure on the right, on the interval 
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f  has an absolute maximum at _______________

f  has an absolute minimum at _______________
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f  has a relative maximum at _______________
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f  has a relative minimum at _______________ 

	Definition of a Critical Number and a Critical Point
Let  f  be defined at  c.  If 
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 or if  f  is not differentiable at  c, then  c  is a critical number of  f  and the point 
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	Theorem  

Relative extrema occur only at critical numbers.


Ex. In the following examples, name the maximum and minimum points if possible.
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    (c) [image: image127.emf] 
     Minimum at ____________

    Minimum at ____________
          Minimum at ____________ 

     Maximum at ____________

    Maximum at ____________
          Maximum at ____________   

     What conditions are necessary to guarantee that there will be a maximum and a minimum?

	Extreme Value Theorem (EVT)

If  f  is continuous on a closed interval 
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 then  f  attains an absolute maximum value 
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 for some numbers  c  and  d  in 
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	Guidelines for  Finding Extrema on a Closed Interval – Candidates Test
To find the extrema of a continuous function   f  on a closed interval 
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 use the following steps:

1) Find 
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 and the critical numbers of  f  in 
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2) Exaluate  f  at each critical number in 
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3) Evaluate  f  at each endpoint in 
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4) The least of these values is the minimum.  The greatest is the maximum.




Ex. Find the absolute maximums and minimums of  f  on the given closed interval, and state where these values

      occur.
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3.2 Mean Value Theorem and Rolle’s Theorem 
	Mean Value Theorem (MVT)

If a function  f  is:

1) continuous on 
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2) differentiable on 
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then there is at least one number  c  in (a, b) such that

1) ______________________________________________

2) ______________________________________________

3) ______________________________________________

(There are three ways to write the conclusion.)


If 
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 are equal, this special case of the Mean Value Theorem is called Rolle’s Theorem.

	Rolle’s Theorem
If a function  f  is:

1) continuous on 
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2) differentiable on 
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3) 
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then there is at least one number  c  in (a, b) such that

1) ______________________________________________

2) ______________________________________________

3) ______________________________________________

(There are three ways to write the conclusion.)


Ex. Show that the conditions of Rolle’s Theorem are met, and find the  c  that Rolle’s Theorem

       guarantees.
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Ex. Given the function 
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(a) The graph of 
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 is shown on the right.

      Visually, what is the MVT trying to find?  Draw it in.

(b) Show that the Mean Value Theorem applies, and find 

      the  c  that the theorem guarantees.

_____________________________________________________________________________

Ex.  You are driving a car traveling on an interstate highway at 50 mph, and you pass a police 

       car.  Four minutes later, you pass a second police car, and you are again traveling at 50 mph.  

       The speed limit on the interstate is 60 mph. The distance between the two police cars is five  

       miles.

(a) The patrolman in the second police car gives you a speeding ticket for driving 75 mph.  How 

     can he prove that you were speeding?

(b) You foolishly argue with the patrolman who is writing your speeding ticket, and he calls his

      brother who is currently taking Calculus and has just learned the MVT and the IVT.

      Bad news!  Now the patrolman rewrites your ticket and charges you for driving 65 mph

      twice during the four minutes.  How can he prove this?
3.3 Increasing and Decreasing Functions and the First Derivative Test
	Definition:

1)  A function  f  is increasing on an interval if for any two numbers 
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2)  A function  f  is decreasing on an interval if for any two numbers 
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	Test for Increasing and Decreasing Functions

1) If  
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 for all x in (a, b), then ___________________________.

2) If  
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 for all x in (a, b), then ___________________________.

3) If  
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 for all x in (a, b), then ___________________________.


	First Derivative Test:  

Let  c  be a critical number of a function  f  that is continuous on an open interval  I  containing  c.  
If  f  is differentiable on the interval, except possibly at  c,  then  
[image: image43.wmf](

)

(

)

,

cfc

 can be classified as follows.

1)  If  
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2)  If  
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Ex. Find the intervals where f is increasing and decreasing, identify all points that are relative maximum and minimum points, and justify your answers.  Use your results to sketch the graph.

(a) 
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Ex. Find the intervals where f  is increasing and decreasing, identify all points that are relative maximum and minimum points, and justify your answers.  Use your results to sketch the graph of  
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	Homework:  P. 186: 1, 5, 21, 27, 31 – 35 odd




3.3 Increasing and Decreasing Functions and the First Derivative Test, Day 2
Yesterday we learned:

	Test for Increasing and Decreasing Functions
1) If  
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 for all x in (a, b), then ___________________________.

2) If  
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3) If  
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 for all x in (a, b), then ___________________________.


	First Derivative Test:  

Let  c  be a critical number of a function  f  that is continuous on an open interval  I  containing  c.  If  f  is differentiable on the interval, except possibly at  c,  then  
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1) If  
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 changes from _______________ at  x = c, then 
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2) If  
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Ex. Find the intervals where f  is increasing and decreasing, identify all points that are relative  

       maximum and minimum points, and justify your answers.  Use your results to sketch the graph 
       of  
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Ex. Use the graph of  
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 to:

(a) identify the interval(s) on which the graph of   f  is increasing and decreasing;

(b) estimate the value(s) of  x  at which the graph of  f  has a relative maximum or minimum.  

Justify your answers.
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      Graph of 
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Ex. Given: 
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(a) If  
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         (b) If 
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__________________________________________________________________________________________
Ex. The function 
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 describes the motion of a particle along a line.

(a) Find the velocity function of the particle at any time  
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(b) Identify the time interval(s) in which the particle is moving in a positive direction.  Justify.

(c) Identify the time interval(s) in which the particle is moving in a negative direction.  Justify.

(d) Identify the time(s) at which the particle changes direction.  Justify.

	Homework: P. 186: 37, 41, 46, 49, 65 – 71 odd, 89



3.4  Concavity and the Second Derivative
	Definition of Concavity:

Let  f  be differentiable on an open interval  I.  

1) The graph of  f  is concave upward on an interval I 

     if  
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 is __________________ on the interval.

2) The graph of  f  is concave downward on an interval I 

     if  
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 is __________________ on the interval.




	Test for Concavity: 

Let   f  be a function whose second derivative exists on an open interval  I.

1)  If  
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 for all  x  in  I, then the graph of  f  is _________________________ in  I.

2)  If  
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 for all  x  in  I, then the graph of  f  is _________________________ in  I.




	Definition of an Inflection Point:

A function  f  has an inflection point at  
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1)  if ________________  OR  if  _____________         AND

2)  if  
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     OR if  
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Ex. The graph of  f  is shown below.  State the signs of  
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Ex. Given the function  
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, find: 

a) the intervals where  f  is increasing and decreasing

b) the relative extrema

c) the intervals where  f  is concave up and concave down

d) the inflection points

Justify your answers, and use the information you found to sketch the graph of  f. 

___________________________________________________________________________

Ex. Sketch the graph of a continuous function  f  with the given characteristics:
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	Homework:  P. 195: 2, 11, 21, 25, 49-52 all




3.4  Second Derivative Test
	Second Derivative Test:  

Let  f  be a function such that  the second derivative of  f  exists on an open interval containing  c.

1)  If  
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2)  If 
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Ex. Use the Second Derivative Test, if possible, to find the relative extrema of  
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      Justify your answer.

________________________________________________________________________________

Ex. Suppose that the function  f  has a continuous second derivative for all  x, and that
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  Let  g  be a function whose derivative is given by
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 for all  x.  Does  g  have a local maximum or a local

      minimum at  x = 3?  Justify your answer.
3.5  Symmetry, Asymptotes, Curve Sketching, and Limits at Infinity
Ex. Evaluate the following limits.  Hint: Divide numerator and denominator by the highest power of  x
      in the denominator.
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	An even function is a function  f  in which 
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Even functions have  y-axis symmetry.

Ex.  
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An odd function is a function  f  in which 
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Odd functions have origin symmetry.

Ex.  
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Ex. Find the horizontal and vertical asymptotes, symmetry, and intercepts, and sketch the graph.
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	Homework:  P. 205: 19– 37odd, 53–58 all




3.5 - 3.6  Symmetry, Asymptotes, Curve Sketching – Putting It All Together
Ex. Find:

1) the  x- and  y-intercepts

2) symmetry

3) asymptotes

4) intervals where  f  is increasing and decreasing

5) relative extrema

6) intervals where  f  is concave up and concave down

7) inflection points

Justify your answers and use the information found above to sketch the graph.
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Graphs of 
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The graph of 
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 is given above.  The domain of  f  is 
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(a) For what value(s) of  x, 
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, is the graph of  f  increasing?  Justify your answer.

(b) For what value(s) of  x, 
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, does the graph of  f  have a relative maximum?  Justify your 

     answer.

(c) For what value(s) of  x, 
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, is the graph of  f  concave down?  Justify your answer.

(d) For what value(s) of  x, 
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, does the graph of  f  have an inflection point?  Justify your 

     answer.

(e) Use the information found above and the fact that 
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